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Introduction
Within the quantum theory the state vector at time t, |Φ(t) , for the physical system under consideration which initially (at t = t 0 = 0) was in the state |Φ can be found by solving the Schödinger equation i ∂ ∂t |Φ(t) = H|Φ(t) ,
where |Φ(t) , |Φ ∈ H, H is the Hilbert space of states of the considered system, |Φ(t) = |Φ = 1 and H denotes the total selfadjoint Hamiltonian for the system. If one considers an unstable state |Φ ≡ |φ of the system then using the solution |φ(t) of Eq. (1) for the initial condition |φ(0) = |φ one can determine the decay law, P φ (t) of this state decaying in vacuum
where a(t) is probability amplitude of finding the system at the time t in the initial state |φ prepared at time t 0 = 0, a(t) = φ|φ(t) .
We have a(0) = 1.
From basic principles of quantum theory it is known that the amplitude a(t), and thus the decay law P φ (t) of the unstable state |φ , are completely determined by the density of the energy distribution ω(E) for the system in this state [1] , a(t) =
Spec.(H)
ω(E) e − i E t dE.
where ω(E) > 0. Note that (5) and (4) mean that there must be a(0) =
ω(E) dE = 1.
From the last property and from the Riemann-Lebesgue Lemma it follows that the amplitude a(t), being the Fourier transform of ω(E) (see (5) ), must tend to zero as t → ∞ [1] .
In [2] assuming that the spectrum of H must be bounded from below, (Spec.(H) > −∞), and using the Paley-Wiener Theorem [3] it was proved that in the case of unstable states there must be |a(t)| ≥ A e −b t q ,
for |t| → ∞. Here A > 0, b > 0 and 0 < q < 1. This means that the decay law P φ (t) of unstable states decaying in the vacuum, (2), can not be described by an exponential function of time t if time t is suitably long, t → ∞, and that for these lengths of time P φ (t) tends to zero as t → ∞ more slowly than any exponential function of t. The analysis of the models of the decay processes shows that P φ (t) ≃ e − γ 0 φ t , (where γ 0 φ is the decay rate of the state |φ ), to an very high accuracy for a wide time range t: From t suitably latter than some T 0 ≃ t 0 = 0 but T 0 > t 0 up to t ≫ τ φ = γ 0 φ and smaller than t = T ∞ , where T ∞ denotes the time t for which the nonexponential deviations of a(t) begin to dominate (see eg., [2] , [4] - [8] ). From this analysis it follows that in the general case the decay law P φ (t) takes the inverse power-like form t −λ , (where λ > 0), for suitably large t ≥ T ∞ ≫ τ φ [2] , [4] - [7] . This effect is in agreement with the general result (7) . Effects of this type are sometimes called the "Khalfin effect" (see eg. [9] ).
Note that one can force P φ (t) to have an exponential form for all t including t → ∞ by using the time dependent decay rate [9, 10] .
Unfortunately, there is no experimental evidence for the Khalfin effect. The performed test of the decay laws did not indicate deviations from the exponential form of P φ (t) at the long time region [11, 12, 8] , neither did they show a time dependence of the decay rate at this time region. Following the estimations given in [5] one infers that this probably occurs because it is almost impossible to build in a laboratory a device detecting decays of the unstable states in the vacuum which allows one to observe these decays from the instant t = t 0 = 0 of the preparation of these states up to times t ∼ 10 n τ φ , where n ≥ 9. Note that in fact the amplitude a(t) contains information about the decay law P φ (t) of the state |φ , that is about the decay rate γ 0 φ of this state, as well as the energy E 0 φ of the system in this state. This information can be extracted from a(t). Indeed if |φ is an unstable (a quasi-stationary) state then
So, there is
in the case of quasi-stationary states.
The standard interpretation and understanding of the quantum theory and the related construction of our measuring devices are such that detecting the energy E 0 φ and decay width γ 0 φ one is sure that the amplitude a(t) has the form (8) and thus that the relation (9) occurs. Taking the above into account one can define the "effective Hamiltonian", h φ , for the one-dimensional subspace of states H || spanned by the normalized vector |φ as follows (see, eg. [10] )
In general, h φ can depend on time t, h φ ≡ h φ (t). One meets this effective Hamiltonian when one starts with the Schrödinger Equation (1) for the total state space H and looks for the rigorous evolution equation for the distinguished subspace of states H || ⊂ H. In the case of one-dimensional H || this rigorous Schrödinger-like evolution equation has the following form for the initial condition a(0) = 1 (see [10] and references one finds therein),
The use of such an evolution equation seems to be effective in the more accurate description of early as well as the long-time properties of a given nonstationary state |Φ(t) and in the analysis of the long-time behavior behavior of the effective Hamiltonian h φ (t) governing the time evolution in H . So starting with the amplitude a(t) and using the expression (10) one can calculate the effective Hamiltonian h φ (t) in a general case for every t. Thus, one finds expressions for the energy and the decay width of the system in the state |φ under considerations,
where ℜ (z) and ℑ (z) denote the real and imaginary parts of z respectively. As it was mentioned above the deviations of the decay law P φ (t) from the exponential form can be described equivalently using time-dependent decay rate. In terms of such γ φ (t) the Khalfin observation that P φ (t) must tend to zero as t → ∞ more slowly than any exponential function means that γ φ (t) ≪ γ 0 φ for t ≫ T ∞ and lim t→∞ γ φ (t) = 0. The aim of this note is to examine the long time behaviour of E φ (t) and γ φ (t) using a(t) calculated for the given density ω(E). We show that E φ (t) → 0 as t → ∞ for the model considered and that a wide class of models has similar long time properties: E φ (t) t→∞ = E 0 φ . It seems that in contrast to the standard Khalfin effect [2] in the case of the quasistationary states belonging to the same class as excited atomic levels, this long time properties of the energy E φ (t) have a chance to be detected by analyzing spectra of very distant stars.
The paper is organized as follows. In Sec. 2 the above mentioned model is considered. Sec. 3 contains an analysis of some general case of a(t) causing E φ (t) to tend to zero as t → ∞. A discussion and final remarks can be found in Sec. 4.
The model
Let us assume that Spec.(H) = [0, ∞) and let us choose ω(E) as follows
where N is a normalization constant and
For such ω(E) using (5) one has
Formula (15) leads to the result
where E 1 (x) denotes the integral-exponential function [13, 14] . Using (15) or (17) one easily finds that
where
So,
and
Using the asymptotic expansion of E 1 (x) [14] ,
where | arg z| < 3 2 π, one finds
These two last asymptotic expansions enable one to find (see (22) )
It seems interesting that relations (32) -(34) do not depend on time t. Note that the following conclusion can be drawn from (30): For suitably long times t there must be
These suitable times can be estimated using relation (24). From (24) one obtains
Relations (26) -(35) become important for times t > t as , where t as denotes the time t at which contributions to a(t) t→∞ 2 from the first exponential component in (36) and from the second component proportional to 1 t 2 are comparable. So t as can be be found by considering the following relation
Assuming that the right hand side is equal to the left hand side in the above relation one gets the transcendental equation. An asymptotic solution of such an equation is relatively easy to find [15] . The very approximate asymptotic solution, t as , of this equation for ( 
Some generalizations
To complete the analysis performed in the previous Section let us consider a more general case of a(t). Namely, let the asymptotic approximation to a(t) have the form
where λ > 0 and c k are complex numbers. Note that the asymptotic expansion for a(t) of this or a similar form one obtains for a wide class of densities of energy distribution ω(E) [2, 4, 6, 7, 9, 16] . From the relation (39) one concludes that
Now let us take into account the relation (11). From this relation and relations (39), (40) it follows that
. . are complex numbers. This means that in the case of the asymptotic approximation to a(t) of the form (39) the following property holds, lim
It seems to be important that results (41) and (42) coincide with the results (27) -(30) obtained for the density ω(E) given by the formula (14) . This means that general conclusion obtained for the other ω(E) defining unstable states should be similar to those following from (27) -(30).
Final remarks.
Let us consider the simplest toy model. If one identifies energies E 0 φ with energy emitted by an electron jumping from the energy level n j to the energy level n k of the hydrogen atom in the nonrelativistic quantum mechanic then one finds E
where n j , n k = 1, 2, 3, . . . and R y = mee 4
is the Rydberg constant, m e is the mass of the electron, c is the speed of light and α denotes the fine-structure constant. Now let these atoms interact with some external fields and let these fields excite the atoms forcing electrons to change their energy levels. Next, let these excited hydrogen atoms emit the electromagnetic waves of the energies E 
where κ = , and
From (44) and (45) it follows that
, and similarly
Now, let us assume for a moment that the ω(E) given by the formula (14) describes the considered sources with the sufficient accuracy. Next if one additionally assumes that in the distant past photons of energies, say E 0 n jk , (j = 1, 2), were emitted and that the sources of this emission were moving away from the observer with known constant velocity v, then at the present epoch this observer detects energies E
If the moment of this emission was at suitably distant past then according to the results of Sec 2 (see (35)) it should appear that
should be the same as that at the present epoch (see (46) ), this observer, on the basis of property (35), is forced to conclude that in the mentioned suitably distant past the Rydberg constant R past y def = R y | t→∞ was smaller than at the present epoch. On the other hand, if the observer knows the effect described in the previous Sections then he could attribute the decrease of R y in the distant past to the long time behavior of the survival probability a(t) and resulted from this the decrease of the effective Hamiltonian h φ (t) for t → ∞ (see (10) , (27), (28) and (41) ) rather than to an actual change in the fine structure constant. The conclusion that such an observation can be considered as a confirmation of the mentioned effect seems to be justified. Note that from (46), (33) it follows that this effect seems to be distinguishable from the Doppler effect.
Unfortunately, for the reasons mentioned in Sec. 1 it seems to be impossible to observe the discussed effect in laboratory tests. A similar conclusion follows from the relations (37), (38). Nevertheless, this effect should be detectable by means of the observation of spectra of distant astrophysical object.
Some astrophysical observations suggest that relations of type (48) and (50) take place. More precisely, these observations suggest that at very distant past the fine structure constant α was smaller than at the present epoch (for the recent data see [18] ) which implies that R past y < R y . The known physical effects responsible for the observed redshift are unable to explain such a result [19] . Therefore, the hypothesis that α varies in time, α = α(t), and that at the very distant past α(t) was smaller than α(0) (where α(0) denotes the value of α(t) at the present epoch) was formulated (see [18, 20, 21] and references one can find therein). The scale of changes of α is usually described by means of the quantity
, where: ∆α(t) = α(t) − α(0).
One of the methods allowing to estimate
consists in the analysis of the emission lines of two states separated by the fine-structure interactions. In such a case to a very good accuracy (see formula (5) in [21] )
where λ j (t), (j = 1, 2), are wavelengths at time t. Using the relation E n jk (t) = hc λ j (t)
, (j = 1, 2), one can rewrite this relation as follows
Taking t → ∞ in this formula and replacing E n jk (t), (j = 1, 2), by relations of type (12), (28), i. e., by E ∞ n jk , one obtains an expression for ∆α(t) α(0) t→∞ connecting the variation of α with the effect described in Sec. 2. Of course the contribution of this effect into the possibly non-zero value of
is only connected with the long time behavior of the survival amplitude a(t), that is with the long time properties of the real part of the effective Hamiltonian, E n jk (t) = ℜ (h n jk (t)), described earlier and does not signify the change of α with time.
Note that from (33) and other results of Sec. 2 it follows that the right hand side of (52) should not be equal to 1 for t → ∞. So if one tries to estimate possible variations of α in time t using data obtained from astrophysical observation of a very distant cosmic object, one should take into account that a significant contribution to ∆α obtained in this way can be a contribution generated by the long-time effect discussed in Sec 2.
Unfortunately, the model considered in Sec. 2 does not reflect correctly all properties of the real physical system containing unstable states. Therefore, formula (33) obtained within this model can not be considered as universally valid and it does not lead to the expression for
correctly describing real properties of very distant astronomical sources of electromagnetic radiation. The defect of this model is that some quantities calculated within it are divergent. Indeed from (3), (5) and (1) one finds that
but inserting into (5) the density ω(E) given by (14) , relation (53) yields φ|H|φ = ∞. For this same reason h φ (t) and ∆h φ (t) computed for ω(E) given by (14) are divergent at t = 0: h φ (= 0) = ∞, ∆h φ (t = 0) = ∞. Nevertheless, taking into account that a very wide class of models of unstable states leads to a similar asymptotic long time behaviour of a(t) to this obtained for the model considered in Sec. 2, some general conclusions following from the results of Sec. 2 and 3 seem to deserve more attention. So, the following conclusion which can be drawn from (33) seems to hold: If one considers the same pairs of spectral lines (see formula (92) in [20] , or (5) in [21] ) then the above discussed contribution into ∆α calculated with the use of astrophysical data obtained for suitably distant two different sources, such that the second source is much older (i.e. much more distant) than the first one, can be the same for these different sources. What is more (see (33)), this contribution need not depend on time t but it should depend on such parameters describing the excited energy levels of atoms emitting the registered electromagnetic radiation and corresponding to measured spectral lines as energies E 0 n jk and decay width γ 0 n jk (or lifetimes). This means that estimations of ∆α performed using the astrophysical data obtained for the given cosmic source emitting the electromagnetic radiation can lead to different values of ∆α depending on the pairs of spectral lines used for calculations. If the hypothesis that α varies in time is true then it seems to be obvious that the above discussed contribution into ∆α should be absent when one tries to estimate possible variations of α in time in laboratory test. Therefore one should expect the values of ∆α obtained in laboratory tests [20] can differ from those obtained using astrophysical data. Simply the magnitude of possible variations of α obtained within the use of astrophysical data can be enhanced by the contribution of the effect discussed in this paper.
All the above remarks concerning estimations of ∆α using results of observations of the spectra of distant astrophysical objects hold also when one tries to indicate a possible cosmological variation of the proton-electron mass ratio analyzing spectra of the same objects [20, 22] . The last conclusion. Cosmic distances and other parameters computed from the observed redshift of very distant objects emitting electromagnetic radiation [19] are calculated without taking into account the possible quantum long time energy redshift described in Sec. 2 and Sec. 3, so these distances as well as values of these parameters need not be real.
